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We study two (4 + n)-dimensional branes embedded in (5 + n)-dimensional spacetime. Using
the gradient expansion approximation, we find that the effective theory is described by the (4 +
n)-dimensional scalar-tensor gravity with a specific coupling function. Based on this theory we
investigate the Kaluza-Klein two brane worlds cosmology at low energy. We study in both the static
and the non-static internal dimensions. In the static case the effective gravitational constant in the
induced Friedmann equation depends on the equations of state of the brane matters and the dark
radiation term naturally appear. In the non-static case we take a relation between the external and
internal scale factors of the form b(t) = aγ(t) in which the brane world evolves with two scale factors.
In this case, the induced Friedmann equation on the brane is modified in the effective gravitational
constant and the term proportional to a−4β. For dark radiation, we find γ = −2/(1+n). Finally, we
discuss the issue of conformal frames which naturally arises with scalar-tensor theories. We find that
the static internal dimensions in the Jordan frame may become non-static in the Einstein frame.
PACS numbers: 04.50.+h, 98.80.Cq, 98.80.Hw
I. INTRODUCTION
One of the most interesting and surprising aspects of
the string theory or M-theory is the fact that it can only
be correctly formulated in a higher dimensional space-
time. On the other hand, our observed Universe is a four-
dimensional spacetime. Therefore we need a mechanism
of compactification of the extra dimensions, so that they
become invisible at least at low energy scales. Moreover,
investigations of non-perturbative string theory has lead
to the discovery that string theory must contain higher
dimensional extended objects called branes. The exis-
tence of these branes has inspired a new method of com-
pactification of extra dimensions, so that they become
invisible at least at low energy scales. Previously the
preferred method was Kaluza-Klein compactification, in
which the extra dimensions are compact and extremely
small. This method of compactification has further in-
spired a class of classical models of the universe, in which
extra dimensions can be included in general relativity,
and their possible implications for classical cosmology
can be investigated phenomenologically without any de-
pendence on a particular model of string theory. This is
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known as the brane world scenario, in which the standard
particles or fields are confined to a brane, while the gravi-
ton can propagates into the bulk as well as into the brane.
Much efforts to reveal cosmology on the brane have been
done in the context of five-dimensional spacetime, espe-
cially after the stimulating proposals by Randall and Sun-
drum (RS) [1, 2]. In this model, a five-dimensional real-
ization of the Horava-Witten solution [3], the hierarchy
problem can be solved by introducing an appropriated
exponential warp factor in the metric. The various prop-
erties and characteristics of the RS model have been ex-
tensively analyzed: the cosmology framework [4–8], the
low energy effective theory [9–20], black hole physics [21–
26], the Lorentz violation [27–37], etc. However, the RS
model with codimension one brane world is insufficient to
reconcile a higher-dimensional theory with the observed
four-dimensional spacetime as suggested by string theory.
Recently, the hybrid construction of the Kaluza-Klein
and brane world compactifications, i.e., a Kaluza-Klein
compactifications on the brane has been investigated [38–
45]. Such a way of construction is called Kaluza-Klein
brane world. A basic equation for the study of Kaluza-
Klein brane worlds in which some dimensions on the
brane are compactified or for a regularization scheme for
a higher codimension brane world was derived by Ya-
mauchi and Sasaki [43]. To analyzes the Kaluza-Klein
cosmology some authors have used the Shiromizu-Maeda-
Sasaki equation [4] or solving the bulk geometry. How-
ever, it difficult to solve the bulk geometry in most cases.
2In this paper, our main purpose is to study a
low energy two brane cosmological models in higher-
dimensional spacetime. We generalize the case four-
dimensional two brane models to (4+n)-dimensional two
brane models where n represents internal dimensions of
the brane. We derive the effective equations of motion for
higher-dimensional two brane model using a low energy
expansion method [13]. This perturbative method solves
the full (5 + n)-dimensional equations of motion using
an approximation and after imposing the junction condi-
tions, one obtains the (4+n)-dimensional effective equa-
tions of motion. The effective equations can be solved
without knowing the bulk geometry. Based on this the-
ory we discuss the cosmology two brane models at low
energy. We study in both the static and the non-static
internal dimensions.
This paper is organized as follows. In section II, we
study a higher braneworld model in a (5+n)-dimensional
spacetime bulk with a cosmological constant. We solve
the (5+n)-dimensional Einstein equations at the low en-
ergy using the gradient expansion approximation. We
see the effective theory is described by the (4 + n)-
dimensional quasi-scalar-tensor gravity with a specific
coupling function. In section III, the Kaluza-Klein two
brane worlds cosmology are presented. We derive the ef-
fective Friedmann equations both in the static and non-
static internal dimensions. Section IV is devoted to the
conclusions. In Appendix A, we present detailed calcu-
lations.
II. LOW ENERGY EFFECTIVE THEORY FOR
HIGHER-DIMENSIONAL TWO BRANE
WORLDS
In this section, we derive the low energy effective the-
ory for higher-dimensional two branes system solving the
bulk geometry formally in the gradient expansion ap-
proximation developed by Kanno and Soda [13] (see also
[12]). We consider that the two branes represent a (4+n)-
dimensional spacetime embedded in a (5+n)-dimensional
spacetime. We assume that there is no matter in the bulk
and the energy-momentum tensor of the bulk is propor-
tional to the (5 + n)-dimensional cosmological constant,
−2Λ5+n = (4 + n)(3 + n)/l2. Then the higher dimen-
sional braneworld model is described by the action
S =
1
2κ2
∫
d5+nx
√−g
[
R+ (4 + n)(3 + n)
l2
]
−
∑
i=A,B
∫
d4+nx
√
−gibrane (σi − Limatter) , (1)
where R, gibraneµν , l and κ2 are the (5 + n)-dimensional
scalar curvature, the induced metric on branes, the scale
of the bulk curvature radius and the gravitational con-
stant in (5+n)-dimensions, respectively. Because we will
consider the matter terms in (1), the branes will not in
general be flat. Consequently we cannot put both branes
at y = 0 and y = l and use Gaussian normal coordi-
nates. Therefore, we use the following coordinate system
to describe the geometry of the brane model,
ds2 = e2φ(y,x
µ)dy2 + gµν(y, x
µ)dxµdxν . (2)
The proper distance between A-brane and B-brane with
fixed x coordinates can be written as
d(x) =
∫ l
0
eφ(y,x)dy . (3)
The extrinsic curvature is defined as
Kµν = −1
2
∂
∂y
gµν ≡ −1
2
gµν,y . (4)
In the coordinate system (2) and using the extrinsic
curvature (4), we can write down the components of the
Einstein equations in (5 + n)-dimensions as
(5+n)Gµν = G
µ
ν + e
−φ
(
e−φKµν − δµνe−φK
)
,y
− (e−φK)(e−φKµν)
+
1
2
δµν
[
(e−φK)(e−φK) + (e−φKαβ)(e−φKαβ)
] −∇α∇αφ−∇αφ∇αφ+ δµν(∇α∇αφ+∇αφ∇αφ)
=
(4 + n)(3 + n)
2l2
δµν + κ
2
(−σAδµν + TAµν) e−φδ(y) + κ2 (−σBδµν + T˜Bµν) e−φδ(y − l) , (5)
(5+n)Gyy = −
1
2
R +
1
2
(e−φK)(e−φK)− 1
2
(e−φKαβ)(e−φKαβ) =
(4 + n)(3 + n)
2l2
, (6)
(5+n)Gyµ = −∇ν(e−φK νµ ) +∇µ(e−φK) = 0 , (7)
where Gµν = R
µ
ν−δµνR/2 is the (4+n)-dimensional Ein-
stein tensor and∇µ denotes the covariant derivative with
respect to the metric gµν . T
µ
ν is the energy momentum
tensor of the brane matter other than the tension. The
junction conditions are obtained by collecting together
the terms in field equations which contain a δ-function,
3then we obtain
e−φ [Kµν − δµνK] |y=0 =
κ2
2
(−σAδµν + TAµν) , (8)
e−φ [Kµν − δµνK] |y=l = −
κ2
2
(
−σBδµν + T˜Bµν
)
, (9)
where Kµν = g
µαKαν . Note that the junction conditions
constrain the induced metrics on both branes, they nat-
urally give rise to the effective equations of motion for
the gravity on the branes. In order to solve the bulk field
equations, we use the gradient expansion scheme. The
basic idea of the approximation is the assumption that
the energy density of matter ρ on the brane is smaller
than the brane tension σ. Equivalently, the bulk curva-
ture scale l is much smaller than the characteristic length
scale of the curvature L on the brane. Then, the small
expansion parameter is given by ǫ = (l/L)
2 ≪ 1. This al-
lows us to expand the metric in perturbative series start-
ing from the induced metric on the A-brane hµν as the
first term
gµν(y, x
µ) = a2(y)
[
hµν(x
µ) + (1)gµν(y, x
µ) + · · ·
]
,
(10)
where the boundary conditions on the A-brane are given
by
(i)gµν(y = 0, x
µ) =
{
hµν(x
µ) : i = 0,
0 : i = 1, 2, 3, . . .
(11)
For the extrinsic curvature tensor we expand it as
Kµν =
(0)Kµν +
(1)Kµν +
(2)Kµν + · · · , (12)
where (i)Kµν = O(ǫi).
Applying the above scheme (see Appendix A for more
detailed), we write down the (4+n)-dimensional effective
Einstein equations on the branes in closed form, subject
to the low energy expansion as follows
Gµν(h) =
(2 + n)κ2
2l
TAµν −
(2 + n)
l
χµν , (13)
Gµν(f) = −
(2 + n)κ2
2l
TBµν −
(2 + n)
l
χµν
Ω4+n
, (14)
where the A-brane metric is defined as hµν ≡ gA−braneµν ,
while the B-brane metric is fµν ≡ gB−braneµν . A confor-
mal factor Ω relates the metric on the A-brane to that on
the B-brane, gB−braneµν = Ω
2gA−braneµν . The terms propor-
tional to χµν are (5 +n)-dimensional Weyl tensor contri-
butions, which describe the non-local (5+n)-dimensional
effect.
A. Effective theory on A-brane
Eliminating χµν from equations (13) and (14), the
(4 + n)-dimensional field equations on the A-brane can
be written as
Gµν(h) =
(2 + n)κ2
2l
1
Ψ
[
TAµν + (1−Ψ)TBµν
]
+
1
Ψ
(
Ψ
|µ
|ν − δµνΨ
|α
|α
)
+
ωA
Ψ2
(
Ψ|µΨ|ν −
1
2
δµνΨ
|αΨ|α
)
, (15)
where | denotes the covariant derivative with respect to
the A-brane metric hµν and the new scalar field Ψ =
1− Ω2+n. The coupling function ωA is defined as
ωA(Ψ) ≡ 3 + n
2 + n
Ψ
1−Ψ . (16)
We can also determine χµν by eliminating G
µ
ν from equa-
tions (13) and (14). Then, we obtain
(2 + n)
l
χµν = −
(2 + n)κ2
2l
(1−Ψ)
Ψ
(
TAµν + T
Bµ
ν
)
− 1
Ψ
(
Ψ
|µ
|ν − δµνΨ
|α
|α
)
+
ωA
Ψ2
(
Ψ|µΨ|ν −
1
2
δµνΨ
|αΨ|α
)
. (17)
Note that χµν is expressed through the quantities on the
branes, χµν = χ
µ
ν(x
µ). Since χµν is traceless, equation
(17) leads to an equation of motion for the scalar field Ψ,
Ψ
|µ
|µ =
1
(3 + n) + (2 + n)ωA
[
(2 + n)κ2
2l
(TA + TB)
−dωA
dΨ
Ψ|µΨ|µ
]
, (18)
where we have taken Eq. (16) into account. The conser-
vation laws for A-brane and B-brane matter with respect
to the A-brane metric hµν are given by
TAµν|µ = 0 , T
Bµ
ν|µ =
Ψ|µ
1−ΨT
Bµ
ν−
1
(2 + n)
Ψ|ν
1−ΨT
B .
(19)
One can see that equations (15) and (19) do not include
the term χµν , but they include the energy momentum
tensor of the B-brane. For this reason Kanno and Soda
called this theory ”quasi-scalar-tensor” gravity.
The effective action on A-brane can be derived from
the original (5 + n)-dimensional action by substituting
the solution of the equations of motion in the bulk and
integrating out over the bulk coordinate. Up to the first
order, we obtain the effective action for A-brane as,
SA =
l
(2 + n)κ2
∫
d4+nx
√
−h
[
ΨR(h)− ωA
Ψ
Ψ|αΨ|α
]
+
∫
d4+nx
√
−hLA +
∫
d4+nx
√
−h (1−Ψ) 4+n2+n LB .(20)
Notice that the action (20) represents the action of the
general (4 + n)-dimensional scalar-tensor theory with a
specific form of the coupling function (16) and an extra
matter term from the B-brane.
4B. Effective theory on B-brane
To obtain the effective equations of motion on the B-
brane, we simply reverse the role of the A-brane and
that of the B-brane. Solving equation (14) for Gµν(f),
the (4 + n)-dimensional field equations on the B-brane
can be written as
Gµν(f) =
(2 + n)κ2
2l
1
Φ
[
TBµν + (1 + Φ)T
Aµ
ν
]
+
1
Φ
(
Φ;µ;ν − δµνΦ;αα
)
+
ωB
Φ2
(
Φ;µΦ;ν − 1
2
δµνΦ
;αΦ;α
)
, (21)
where ; denotes the covariant derivative with respect to
the B-brane metric fµν and Φ = Ω
−(2+n) − 1. Here, the
coupling function ωB is defined as
ωB(Φ) = −3 + n
2 + n
Φ
1 + Φ
. (22)
The equations of motion for the scalar field Φ becomes
Φ;µ;µ =
1
(3 + n) + (2 + n)ωB
[
(2 + n)κ2
2l
(TA + TB)
−dωB
dΦ
Φ;µΦ;µ
]
. (23)
The conservation laws of the A-brane and B-brane mat-
ter with respect to the B-brane metric fµν are as follows
TAµν;µ =
Φ;µ
1 + Φ
TAµν −
1
(2 + n)
Φ;ν
1 + Φ
TA , TBµν;µ = 0 .
(24)
Finally, the corresponding effective action for B-brane is
SB =
l
(2 + n)κ2
∫
d4+nx
√
−f
[
ΦR(f)− ωB
Φ
Φ;αΦ;α
]
+
∫
d4+nx
√
−fLB +
∫
d4+nx
√
−f (1 + Φ) 4+n2+n LA .(25)
In the derivation of equations of motion above we first
to know the dynamics on one brane. Then we know the
gravity on the other branes. Therefore, the dynamics
on both branes are not independent. The transforma-
tion rules for scalar radion and the metric in (4 + n)-
dimensions are given by
Φ =
Ψ
1−Ψ , (26)
gB−braneµν = (1−Ψ)
2
(2+n) ×
×
[
hµν + g
(1)
µν
(
hµν ,Ψ, T
A
µν , T
B
µν , y = l
)]
.(27)
The bulk metric is determined if we know the energy mo-
mentum tensors on both branes, the induced metric on
A-brane, and the scalar field Ψ. Since (4+n)-dimensional
fields allow us to construct the (5 + n)-dimensional bulk
geometry, the quasi-scalar-tensor theory works as a holo-
graphic at low energy.
In the following section, for the realization at the first
order expansion, we study the cosmological consequences
of the model. We solve the effective equations without
knowing the bulk geometry. Then, we can determine the
Friedman equation on the brane. Here we focus on the
positive tension brane, A-brane.
III. KALUZA-KLEIN TWO BRANE WORLDS
COSMOLOGY AT LOW ENERGY
A. Effective Friedmann equation
In this section, we discuss the cosmological conse-
quences of the higher-dimensional brane worlds. We take
the induced metric on A-brane of the form
ds2 = −dt2 + a2(t)δijdxidxj + b2(t)δαβdzαdzβ , (28)
where δij represents the metric of three-dimensional or-
dinary spaces with the spatial coordinates xi (i = 1, 2, 3),
while δαβ represents the metric of n-dimensional compact
spaces with the coordinates zα (α = 1, . . . , n). The scale
factor b denotes the size of the internal dimensions, while
the scale factor a is the usual scale factor for the external
space. We choose the energy momentum tensors of the
A-brane and B-brane of the following form
TAµν = (ρA, PAa
2δij , QAb
2δαβ) , (29)
TBµν = Ω
2(ρB , PBa
2δij , QBb
2δαβ) , (30)
where ρi is the energy density, Pi the external pressure
and Qi the internal pressure, i = A,B. The Ω
2 factor
results from the fact that the B-brane metric is fµν =
Ω2hµν . The symmetries imply that Ψ only depends on
time.
Using the metric (28) and the energy momentum ten-
sors (29), (30) in the effective Einstein equations (15),
one finds
53H2a + 3nHaHb +
n(n− 1)
2
H2b =
8πG
Ψ
[
ρA + ρB(1−Ψ)
4+n
2+n
]
+
1
Ψ
[
(n+ 3)
2(n+ 2)
Ψ˙2
(1−Ψ) − 3HaΨ˙− nHbΨ˙
]
, (31)
−2H˙a − 3H2a − 2nHaHb − nH˙b −
n(n+ 1)
2
H2b =
8πG
Ψ
[
PA + PB(1−Ψ)
4+n
2+n
]
+
1
Ψ
[
Ψ¨ +
(n+ 3)
2(n+ 2)
Ψ˙2
(1−Ψ) + 2HaΨ˙ + nHbΨ˙
]
, (32)
−3H˙a − 6H2a − 3(n− 1)HaHb − (n− 1)H˙b −
n(n− 1)
2
H2b =
8πG
Ψ
[
QA +QB(1−Ψ)
4+n
2+n
]
+
1
Ψ
[
Ψ¨ +
(n+ 3)
2(n+ 2)
Ψ˙2
(1−Ψ) + 3HaΨ˙ + (n− 1)HbΨ˙
]
, (33)
where we have defined the Hubble parameters Ha = a˙/a
and Hb = b˙/b and
8πG =
(2 + n)κ2
2l
. (34)
In the case n = 0, the above equations reduce to five-
dimensional brane world. For n = 0, Ψ = 1, Ψ˙ = 0, the
above equations reduce to the general relativistic FLRW
equations with barotropic perfect fluid.
The equation of motion for the scalar field Ψ is
Ψ¨ =
8πG
(3 + n)
[(ρA − 3PA − nQA) (1−Ψ)
+(ρB − 3PB − nQB) (1−Ψ)
4+n
2+n
]
−1
2
Ψ˙2
(1−Ψ) − 3HaΨ˙− nHbΨ˙ . (35)
In addition, the conservation laws for the matter with
respect to the A-brane metric (19) are given by
ρ˙A + 3Ha(ρA + PA) + nHb(ρA +QA) = 0 , (36)
ρ˙B + 3Ha(ρB + PB) + nHb(ρB +QB) =
3(ρB + PB) + n(ρB +QB)
2 + n
Ψ˙
1−Ψ .(37)
Substituting equation (35) into equations (32) and (33),
respectively, and assuming the matter distribution on the
branes are given by the equations of state Pi = wiρi and
Qi = viρi (i = A,B). Equations (32) and (33) reduce to
−2H˙a − 3H2a − 2nHaHb − nH˙b −
n(n+ 1)
2
H2b +Ha
Ψ˙
Ψ
=
8πG
Ψ
[
wAρA +
(1 − 3wA − nvA)
(3 + n)
ρA(1−Ψ)
+
(1 + nwB − nvB)
(3 + n)
ρB(1−Ψ)
4+n
2+n
]
+
1
2(n+ 2)
Ψ˙2
Ψ(1−Ψ) , (38)
−3H˙a − 6H2a − 3(n− 1)HaHb − (n− 1)H˙b −
n(n− 1)
2
H2b +Hb
Ψ˙
Ψ
=
8πG
Ψ
[
vAρA +
(1− 3wA − nvA)
(3 + n)
ρA(1−Ψ)
+
(1− 3wB + 3vB)
(3 + n)
ρB(1−Ψ)
4+n
2+n
]
+
1
2(n+ 2)
Ψ˙2
Ψ(1−Ψ) . (39)
From equations (31), (38), and (39), we eliminate Ψ˙2 term to obtain
62H˙a +
3(4 + n)
(3 + n)
H2a +
n(9 + 2n)
(3 + n)
HaHb + nH˙b +
n(n2 + 5n+ 2)
2(3 + n)
H2b −
n
(3 + n)
(Ha −Hb) Ψ˙
Ψ
=
8πG
Ψ
[
(1− (3 + n)wA)ρA
(3 + n)
− (1 − 3wA − nvA)ρA(1−Ψ)
(3 + n)
− n(wB − vB)
(3 + n)
ρB(1−Ψ)
4+n
2+n
]
, (40)
H˙a + 3H
2
a + (n− 3)HaHb − H˙b − nH2b + (Ha −Hb)
Ψ˙
Ψ
=
8πG
Ψ
[
(wA − vA)ρA + (wB − vB)ρB(1 −Ψ)
4+n
2+n
]
.(41)
Combining equations (40) and (41) we get the dynamical
equation for Hubble parameters in (4 + n)-dimensions,
H˙a + 2H
2
a + nHaHb +
n(1 + n)
6
H2b +
n
3
H˙b
=
8πG
3
(1− 3wA − nvA)
(2 + n)
ρA . (42)
The conservation laws reduce to
ρ˙A + 3Ha(1 + wA)ρA + nHb(1 + vA)ρA = 0 , (43)
ρ˙B + 3Ha(1 + wB)ρB + nHb(1 + vB)ρB
=
[3(1 + wB) + n(1 + vB)]ρB
2 + n
Ψ˙
1−Ψ . (44)
In general, equation (42) is a second order differential
equation for scale factor a(t) and b(t). In the case 4-
dimensional braneworld (n = 0), equation (42) can be
solved analytically, and this results in the Friedmann
equation on the brane with the dark radiation term as
an integration constant. In our case equation (42) can-
not be integrated analytically and therefore, the usual
form of the Friedmann equation on the brane cannot be
extracted. In the following two subsections we consider
two cases: static and non-static internal dimensions.
B. Friedmann equation with static internal
dimensions
In the case of static internal extra dimensions, the dy-
namical of the A-brane is described by the following equa-
tions
H2a +Ha
Ψ˙
Ψ
− (n+ 3)
6(n+ 2)
Ψ˙2
Ψ(1−Ψ) =
8πG
3Ψ
[
ρA + ρB(1 −Ψ)
4+n
2+n
]
, (45)
H˙a + 2H
2
a =
8πG
3
(1− 3wA − nvA)
(2 + n)
ρA , (46)
Ψ¨ + 3HaΨ˙ +
1
2
Ψ˙2
(1−Ψ) =
8πG
(3 + n)
[
(1− 3wA − nvA) ρA(1 −Ψ) + (1− 3wB − nvB)ρB (1− Ψ)
4+n
2+n
]
. (47)
Here we have assumed that the compact dimensions are
stabilized, b(t) = 1 [44]. We see that the above equations
do not contain any additional term compared with five-
dimensional brane world cosmology. However, the dif-
ferences from the usual two brane models are concealed
in the gravitational constant and also in the form of the
constraint equation (45).
The conservation laws for the matter with respect to
the A-brane metric reduce to
ρ˙A + 3Ha(1 + wA)ρA = 0 , (48)
ρ˙B + 3Ha(1 + wB)ρB =
3(1 + wB)ρB + n(1 + vB)ρB
2 + n
Ψ˙
1−Ψ , (49)
and we obtain
ρA ∝ a−3(1+wA) , (50)
ρB ∝ a−3(1+wB)(1−Ψ)
3(1+wB )+n(1+vB)
2+n , (51)
A relation between the energy densities on both branes
can obtained by eliminating a,
ρB ∝ ρ
(1+wB )
(1+wA)
A (1 −Ψ)
3(1+wB)+n(1+vB)
2+n , (52)
In the case wA 6= 1/3, leaving vA as a free parameter
and using the matter conservation equation (48) we can
write (46) as
d
dt
(
a4H2a −
8πG
3
2(1− 3wA − nvA)
(2 + n)(1− 3wA) a
4ρA
)
= 0 . (53)
7Then, we obtain an expression for the effective Hubble
parameter on A-brane as
H2a =
8πGeff
3
ρA +
C
a4
, (54)
where C is is an integration constant which can be inter-
preted as dark radiation. We have defined the effective
gravitational constant
Geff =
2(1− 3wA − nvA)
(2 + n)(1 − 3wA) G . (55)
For wA < 1/3, nvA < 1 − 3wA and wA > 1/3, nvA >
1−3wA, the effective gravitational constant becomes pos-
itive.
In the case of radiation dominated universe, wA = 1/3,
we have
H˙a + 2H
2
a = −
8πGnvA
3(2 + n)
ρA , (56)
Using the matter conservation equation, we can write
equation (56) as
d
dt
(
a4H2a +
8πG
3
2nvA
(2 + n)
log a
)
= 0 , (57)
and giving
H2a = −
8πG
3
2nvA log a
(2 + n)
ρA +
K
a4
, (58)
where K is an integration constant which can be rede-
fined as a sum of the initial value of radiative matter
density and initial value of the dark radiation density C.
Then equation (58) becomes
H2a =
8πG
3
(
1− 2n
(2 + n)
vA log
a
a∗
)
ρA +
C
a4
, (59)
where a∗ is a constant corresponding to the dark radi-
ation component C. Defining the effective gravitational
constant
Geff =
[
1− 2n
(2 + n)
vA log
a
a∗
]
G , (60)
then we have the effective Friedmann equation (54). As
expected the expression for the effective Friedmann equa-
tion on A-brane coincide with the Kaluza-Klein brane
world cosmology with one brane model in the low en-
ergy approximation where the term of quadratic energy
density is neglected [44]. In contrast to the usual four-
dimensional two-brane model, the effective gravitational
constant depends on the equation of state and the exter-
nal scale factor explicitly, and may becomes positive or
negative.
C. Friedmann equation with non-static internal
dimensions
Let us now consider the case of non-static internal di-
mensions, in which the brane world evolves with two scale
factors. We take a simple relation between the scale fac-
tors on A-brane of the form
b(t) = aγ(t) , (61)
where γ is a constant. For the internal scale factor b(t)
to be small compared to the external scale factor a(t),
the constant γ should be negative.
For non-static internal dimensions, the dynamical of
A-brane is described by the following equations
[
6(1 + nγ) + n(n− 1)γ2
2
]
H2a + (3 + nγ)Ha
Ψ˙
Ψ
=
8πG
Ψ
[
ρA + ρB(1−Ψ)
4+n
2+n
]
+
(n+ 3)
2(n+ 2)
Ψ˙2
Ψ(1−Ψ) , (62)
H˙a +
6(2 + nγ) + n(1 + n)γ2
2(3 + nγ)
H2a =
8πG(1 − 3wA − nvA)
(2 + n)(3 + nγ)
ρA , (63)
Ψ¨ + (3 + nγ)HaΨ˙ =
8πG
(3 + n)
[
(1− 3wA − nvA) ρA(1−Ψ) + (1− 3wB − nvB)ρB (1−Ψ)
4+n
2+n
]
− 1
2
Ψ˙2
(1−Ψ) ,(64)
The conservation laws become
ρ˙A + [3(1 + wA) + nγ(1 + vA)]HaρA = 0 , (65)
ρ˙B + [3(1 + wB) + nγ(1 + vB)]HaρB
=
[3(1 + wB) + n(1 + vB)]ρB
2 + n
Ψ˙
1−Ψ , (66)
Using the matter conservation equation (65),
[4β − 3(1 + wA)− nγ(1 + vA)]HaρA
= ρ˙+ 4βHaρA =
1
a4β
d
dt
(
a4βρA
)
, (67)
8and so we can write equation (63) as
d
dt
(
a4βH2a −
8πGeff
3
a4βρA
)
= 0 , (68)
where
β =
6(2 + nγ) + n(1 + n)γ2
4(3 + nγ)
. (69)
Then the effective Friedmann equation for non-static in-
ternal dimensions on A-brane is given by
H2a =
8πGeff
3
ρA +
C
a4β
, (70)
where C is a constant of integration and we have defined
the effective gravitational constant as follows
Geff =
6(1− 3wA − nvA)G
(2 + n)(3 + nγ)[4β − 3(1 + wA)− nγ(1 + vA)] .
(71)
Notice that for n = 3 and non-static internal dimensions,
the setup is symmetric under the exchange of internal
and external pressures (wi ↔ vi), and a(t)↔ b(t).
The above results also include the well-known five di-
mensional brane world, corresponding to n = 0 and for
which β = 1, Geff = G. For γ = 0 the above results
reduce to the static internal dimensions. If γ = 1, the
scale factor b(t) is related to a(t) as b(t) = a(t), we ob-
tain the Friedmann equation of the generalized Randall-
Sundrum model in (5+n) dimensions describing a (4+n)-
dimensional universe.
H2a =
8πGeff
3
ρA +
C
a4+n
, (72)
where the effective gravitational constant is now given by
Geff =
6
(2 + n)(3 + n)
G . (73)
In the case n = 0, the above Friedmann equation reduces
to usual Friedmann equation on four-dimensional brane.
Leaving β as a free parameter, we can solve equation
(69) for γ. We obtain
γ = −
3− 2β ±
√
4β(3+nβ)−3(4+n)
n
1 + n
. (74)
The negative values of γ indicate that the internal scale
factor b(t) to be small compared to the external scale
factor a(t). Taking β = 1 such that the second term of
Friedmann equation (70) contributes the ”dark” radia-
tion, we have
γ = − 2
1 + n
, or γ = 0 , (75)
where γ = 0 corresponds to the static internal dimen-
sions. Therefore, the ”dark” radiation component in the
Friedmann equation can be also realized in the Kaluza-
Klein brane worlds with non-static internal dimensions.
D. Hubble parameters in conformal frames
The action on A-brane is written in the Jordan frame,
for which the gravitational sector has a non-canonical
form. We can, however, perform a conformal transfor-
mation to the Einstein frame: h˜µν = Ψ
2/(2+n)hµν . In
the Einstein frame, the metric (28) is
ds˜2 = h˜µνdx
µdxν
= Ψ
2
(2+n)
[−dt2 + a2(t)δijdxidxj + b2(t)δαβdzαdzβ]
= −dt˜2 + a˜2(t˜)δijdxidxj + b˜2(t˜)δαβdzαdzβ , (76)
and the Hubble parameters satisfy
H˜a − H˜b = Ψ− 12+n (Ha −Hb) , (77)
where H˜a = a˜
−1(da˜/dt˜) and H˜b = b˜
−1(db˜/dt˜). One can
see that the static internal dimensions (in the Jordan
frame) may becomes dynamics in the Einstein frame. In
this case we have,
H˜a − H˜b = Ψ− 12+nHa, H˜b = 1
(2 + n)Ψ
dΨ
dt˜
. (78)
In the case b(t) = aγ(t), we have
H˜a − H˜b = (1 − γ)Ψ− 12+nHa . (79)
Dynamics of the Hubble parameters Ha and Hb in the
Jordan frame are also dynamics in the Einstein frame.
IV. CONCLUSION
In this paper we have derived the low energy effec-
tive equations for the higher-dimensional two brane mod-
els by using gradient expansion approximation. As ex-
pected, the effective theory is described by the (4 + n)-
dimensional quasi-scalar-tensor gravity with a specific
coupling function. The presented effective equations can
be used as the basic equations for the higher-dimensional
two brane worlds cosmology, in which some spatial di-
mensions on the brane are Kaluza-Klein compactified.
We can see already from the Friedmann equations that
the Kaluza-Klein brane world can be realized at low en-
ergies. Due to their complicated structure the field equa-
tions appearing in the theories are very difficult to solve
analytically, we have restricted our discussions with the
special cases: static internal dimensions and non-static
internal dimensions where a relation between the exter-
nal and internal scale factors is given by b(t) = aγ(t). In
the static internal dimensions γ = 0, our results coincide
with the Kaluza-Klein brane world cosmology with one
brane model in the low energy approximation where the
term of quadratic energy density is neglected [44]. In the
non-static internal dimensions, the induced Friedmann
equation on the brane is modified in the effective gravi-
tational constant and the term proportional to a−4β .
9Another important result of this work is the dynamics
of the internal Hubble parameter in conformal frames.
Both the static and non-static internal dimensions in the
Jordan frame are always dynamics in the Eintein frame.
However, the physical interpretation and equivalence of
these two frames is a problem in the case of static internal
dimensions in the Jordan frame. We plan to investigate
the correspondence between the Jordan and the Einstein
frame description, including the dynamical of scalar field.
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Appendix A: Detailed calculations
Let us decompose the extrinsic curvature into the
traceless part and the trace part
e−φKµν = Σµν +
1
4 + n
gµνQ , Q = −e−φ ∂
∂y
log
√−g ,
(A1)
which allows us to write the field equations (5) - (7) in
the bulk as follows
e−φΣµν,y −QΣµν = −
[
Rµν −
1
4 + n
δµνR
−∇µ∇νφ−∇µφ∇νφ
+
1
4 + n
δµν (∇α∇αφ+∇αφ∇αφ)
]
, (A2)
3 + n
4 + n
Q2 − ΣαβΣβα = [R] +
(4 + n)(3 + n)
l2
, (A3)
e−φQ,y − 1
4 + n
Q2 − ΣαβΣαβ = ∇α∇αφ+∇αφ∇αφ
−4 + n
l2
, (A4)
∇λΣ λµ −
3 + n
4 + n
∇µQ = 0 . (A5)
The junction conditions determine the dynamics of the
induced metric and provide the effective theory of gravity
on the brane reduced to
[
Σµν −
3
4
δµνQ
] ∣∣∣∣∣
y=0
=
κ2
2
(−σAδµν + TAµν) , (A6)
[
Σµν −
3
4
δµνQ
] ∣∣∣∣∣
y=l
= −κ
2
2
(−σBδµν + T˜Bµν) . (A7)
1. Zeroth order
At zeroth order, the gradient terms and matter on the
brane can be ignored. We find
(0)Σµν = 0,
(0)Q =
4 + n
l
. (A8)
The junction conditions (A6) and (A7) yield
σA =
2(3 + n)
κ2l
, σB = −2(3 + n)
κ2l
. (A9)
Using the definition of the extrinsic curvature, we get the
zeroth order metric as
ds2 = e2φ(y,x)dy2 + a2(y, x)hµνdx
µdxν , (A10)
a(y, x) = exp
[
−1
l
∫ y
0
dyeφ(y,x)
]
, (A11)
where the tensor hµν is the induced metric on A-brane.
To proceed we will assume φ(y, x) ≡ φ(x) thus a(y, x) =
exp
[−yeφ(x)/l].
2. First order
In the first order, the curvature term that has been
ignored in the zeroth order calculation comes into play.
Substituting the solutions at zeroth order, the field equa-
tions (A2) - (A5) can be written as follows
e−φ(1)Σµν,y −
4 + n
l
(1)Σµν = −
[
Rµν −
1
4 + n
δµνR
−(∇µ∇νφ+∇µφ∇νφ)
+
1
4 + n
δµν (∇α∇αφ+∇αφ∇αφ)
](1)
, (A12)
2(3 + n)
l
(1)Q = [R]
(1)
, (A13)
e−φ(1)Q,y − 2
l
(1)Q = [∇α∇αφ+∇αφ∇αφ](1) ,(A14)
∇λ(1)Σ λµ −
3 + n
4 + n
∇µ(1)Q = 0 . (A15)
And the junction conditions are given by
[
(1)Σµν −
3
4
δµν
(1)Q
] ∣∣∣∣∣
y=0
=
κ2
2
TAµν , (A16)
[
(1)Σµν −
3
4
δµν
(1)Q
] ∣∣∣∣∣
y=l
= −κ
2
2
T˜Bµν . (A17)
where the superscript (1) represents the order of the gra-
dient expansion. Now one can express the Ricci tensor
[Rµν(g)]
(1) in term of the Ricci tensor of the A-brane
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metric hµν ≡ gA−braneµν (denoted by Rµν(h)) and φ;
[Rµν(g)]
(1)
=
1
a2
[
Rµν(h) +
(2 + n)yeφ
l
(
φ
|µ
|ν + φ
|µφ|ν
)
+
yeφ
l
δµν
(
φ
|α
|α + φ
|αφ|α
)
+
(2 + n)y2e2φ
l2
φ|µφ|ν
− (2 + n)y
2e2φ
l2
δµνφ
|αφ|α
]
, (A18)
where | denotes the covariant derivative with respect to
the A-brane metric hµν . Taking trace of equation (A18)
and using equation (A13), the trace part of the extrin-
sic curvature can be obtained without solving the bulk
geometry,
(1)Q(y, x) =
l
2(3 + n)a2
[R(g)]
=
l
a2
[
1
2(3 + n)
R(h) +
yeφ
l
(
φ
|α
|α + φ
|αφ|α
)
− (2 + n)y
2e2φ
2l2
φ|αφ|α
]
, (A19)
The second derivatives of φ are given by
[∇µ∇νφ](1) = 1
a2
[
φ
|µ
|ν + 2
yeφ
l
φ|µφ|ν −
yeφ
l
δµνφ
|αφ|α
]
.
(A20)
It is easy to see that the Hamiltonian constraint equation
(A14) is trivially satisfied now. Then, equation (A12) can
be integrated to give
(1)Σµν(y, x) =
l
a2
[
1
(2 + n)
(
Rµν −
1
4 + n
δµνR
)
+
yeφ
l
(
φ
|µ
|ν −
1
4 + n
δµνφ
|α
|α
)
+
(
y2e2φ
l2
+
yeφ
l
)
×
×
(
φ|µφ|ν −
1
4 + n
δµνφ
|αφ|α
)]
+
χµν(x)
a4+n
, (A21)
where χµν(x) is an integration constant whose trace van-
ishes: χµµ = 0, and equation (A15) requires that χ
µ
ν|µ =
0.
Substituting Eqs. (A19) and (A21) into the junction
condition at the A-brane (A16), we obtain
l
(2 + n)
Gµν(h) + χ
µ
ν =
κ2
2
TAµν , (A22)
and the junction condition at the B-brane (A17) yields
l
(2 + n)Ω2
Gµν +
leφ
Ω2
(
φ
|µ
|ν − δµνφ
|α
|α
+φ|µφ|ν − δµνφ|αφ|α
)
+
le2φ
Ω2
(
φ|µφ|ν +
(1 + n)
2
δµνφ
|αφ|α
)
+
χµν
Ω4+n
= − κ
2
2Ω2
TBµν , (A23)
where Ω(x) = a(y = l, x) = exp[−eφ] and the index
of TBµν is the energy momentum tensor with the index
raised by the induced A-brane metric hµν , while T˜
Bµ
ν
is the one raised by the induced metric on the B-brane,
fµν ≡ gB−braneµν . Using fµν = Ω2hµν = exp[−2eφ]hµν ,
equation (A23) can be rewritten as
l
(2 + n)
Gµν(f) +
χµν
Ω4+n
= −κ
2
2
T˜Bµν , (A24)
We now solve the metric in the bulk. The definition
(A1) gives
− e
−φ
2a2
hαµ
∂
∂y
(1)gαν =
(1)Σµν +
1
4 + n
δµν
(1)Q . (A25)
Integrating Eq. (A25), we obtain the metric in the bulk:
(1)gµν(y, x) = − l
2
(2 + n)
(
1
a2
− 1
)
×
×
[
Rµν − 1
2(3 + n)
hµνR
]
+
l2
2
(
1
a2
− 1− 2ye
φ
l
1
a2
)
×
×
(
φ|µν +
1
2
hµνφ
|αφ|α
)
−y
2e2φ
a2
(
φ|µφ|ν −
1
2
hµνφ
|αφ|α
)
− 2l
4 + n
(
1
a4+n
− 1
)
χµν , (A26)
where we have imposed the boundary condition,
(1)gµν(y = 0, x
µ) = 0. We can use a schematic itera-
tion [13] for the solutions at higher orders.
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